This work focuses on the numerical study of natural convection fluid flow and heat transfer of (Cu, Al2O3 and TiO2)-water nanofluids in the annuli of two partially-heated square ducts. The left and right vertical walls of the outer duct have constant but different temperatures Th and Tc respectively, while the inner duct is maintained at the same and opposite temperatures. The ducts top and bottom walls are kept insulated. The governing equations are solved numerically using the finite-volume method. The SIMPLEC algorithm was employed to couple velocity and pressure fields. Using the developed in house code, the effects of pertinent parameters such as the Rayleigh number, volume fraction of nanoparticles and aspect ratio on the fluid flow and heat transfer inside the cavity were investigated. It is observed from the results that the average Nusselt number increases when both the Rayleigh number and the volume fraction of the nanoparticles increase. Moreover, heat transfer in nanofluid with Cu nanoparticles is much better than Al2O3 and TiO2 nanoparticles.
Introduction
Traditional working fluids such as water, oil or ethylene glycol have a low thermal conductivity. As a result, their heat transfer performance is inevitably limited. In an attempt to improve the heat transfer performance, Choi (1995) dispersed metallic nanoparticles with a high thermal conductivity in traditional working fluids to form so-called nanofluids. Many subsequent studies have shown that nanofluids yield a significant improvement in the heat transfer performance in a diverse range of engineering fields (Das et al., 2006; Wang et al., 2007; Yu et al., 2008; Kakac et al., 2009; Haddad et al., 2012) . Said Bouchta, M'barek Feddaoui, and Hossine El Ihssini / American Journal of Heat and Mass Transfer (2017) Vol. 4 No. 1 pp. 40-52 41 The phenomenon of two-dimension natural convection in an enclosure is widely used in engineering such as solar energy collector, heat preservation of thermal transport circuits, cooling of electrical units, etc.
Free convection heat transfer inside nanofluid-filled rectangular cavities with different boundary conditions on the side walls has been studied by many researchers. Khanafer et al. (2003) conducted a numerical study on free convection inside nanofluid-filled rectangular cavities with acold right wall, a hot left wall and insulated horizontal walls. Their results showed that rate of heat transfer increased when nanoparticles volume fraction increase for the entire range of the Grashof number considered. In a numerical study, Lin and Violi (2010) analyzed free convection of Al2O3 water nanofluid in a differentially-heated cavity with consideration to slip mechanism in nanofluids. They investigated the effects of pertinent parameters such as non-uniform nanoparticle size, mean nanoparticle diameter, nanoparticle volume fraction, Prandtl number, and Grashof number on flow field and temperature distribution inside the cavity. They found enhanced and mitigated heat transfer due to the presence of nanoparticles. conducted a numerical simulation to study free convection of Cu-water nanofluid inside a square cavity with partially-thermally active side walls. The active parts of the left and the right side walls of the cavity were maintained hot and cold respectively while the cavity's top and bottom walls, as well as the inactive parts of the side walls, were kept insulated. They found that maximum average Nusselt number for high Rayleigh numbers occurred when the hot and cold parts were located in the bottom and middle region of the vertical walls respectively. Saleh et al. (2011) investigated numerically free convection of nanofluid in a trapezoidal enclosure numerically and developed a correlation for the average Nusselt number as a function of the angle of the sloping wall, effective thermal conductivity and viscosity as well as Grashof number. conducted a numerical simulation to investigate the problem of free convection of the TiO2 water nanofluid in rectangular cavities differentially-heated on adjacent walls. The left and the top walls of the cavities were heated and cooled respectively; while, the cavities right and bottom walls were kept insulated. They found that by increasing the volume fraction of the nanoparticles, the average Nusselt number of the hot wall increased for the shallow cavities; while, a reverse trend occurred for tall cavities. Very recently, numerical results of a study on free convection in a nanofluid filled square cavity by using heating and cooling though sinusoidal temperature profiles on one side, were reported by Oztop et al. (2011) . They considered the effects of various inclination angles of the cavity, different types of water based nanofluids, volume fraction of nanoparticles, and the Rayleigh number on the heat transfer rate. They found that addition of nanoparticle into the water affected the fluid flow and temperature distribution, especially for higher Rayleigh numbers.
Apart from the application of nanofluids in buoyancy driven heat transfer, free convection in cavities having an inside body has received considerable attention in the recent years, due to its practical engineering applications, such as solar collectors, thermal insulation, cooling of electronic components and designing building (2005). Arefmanesh et al. (2012) investigated heat transfer in the annuli of two differentially-heated square ducts filled with the TiO2-water nanofluid, using the finite volume method. The effects of the Rayleigh number, the aspect ratio of the annulus, and the volume fraction of the nanoparticles on the fluid flow and heat transfer are investigated. The numerical outcome shows that, by increasing the width of the gap between the ducts and the Rayleigh number, multiple eddies are developed in the gap between the top walls of the square ducts. The eddies formed show the characteristics of the Rayleigh-Bénard convective type.
Moreover, the average Nusselt number increases by increasing the volume fraction of the nanoparticles. The problem of free convection fluid flow and heat transfer of Cu-water nanofluid inside a square cavity having adiabatic square bodies at its centre has been investigated numerically by Mahmoodi and Sebdani (2012) . The effects of pertinent parameters such as Rayleigh number, size of the adiabatic square body, and volume fraction of the Cu nanoparticles on the fluid flow and thermal fields and heat transfer inside the cavity were investigated. The obtained results show that for all Rayleigh numbers, with the exception of Ra = 10 4 , the average Nusselt number increases with increase in the volume fraction of the nanoparticles. At Ra = 10 4 the average Nusselt number is a decreasing function of the nanoparticles volume fraction. Moreover at low Rayleigh numbers (10 3 and 10 4 ) the rate of heat transfer decreases when the size of the adiabatic square body increases, while at high Rayleigh numbers (10 5 and 10 6 ) it increases.
Based on literature reviews, despite a large number of numerical studies on free convection of nanofluids inside rectangular cavities with different boundary conditions, there is no study on free convection in square cavities with a partially-heated square block at the centre. This problem may occur in a number of technical applications, such as solar collectors, heat exchangers, and the cooling of electronic equipment and chips using nanofluids. In the present paper the problem of free convection heat transfer and fluid flow in a square cavity containing nanofluid and a partiallyheated square block at the centre, is investigated using the finite volume method. The results in the form of streamlines and isotherms plots, average Nusselt number are presented for a wide range of Rayleigh numbers, volume fraction of the nanoparticles and aspect ratio.
Mathematical Modelling
A schematic diagram of a square cavity with a partially-heated square block at the centre is depicted in Fig. 1 . The left and right vertical walls of the outer cavity have constant but different temperatures Th and Tc respectively, where Th>Tc and vice versa, for the inner cavity. The top and bottom walls are kept insulated. The annulus is filled with the water-(Cu, Al2O3 and TiO2) nanofluids. The height and width of the outer cavity are denoted by W. The inner cavity with the length of l is located at the centre of the square cavity. Aspect ratio (dimensionless size of the inner cavity) is defined as AR=l/W. The water-(Cu, Al2O3 and TiO2) nanofluids are assumed to be Newtonian and incompressible and fluid flow is assumed to be laminar. The base fluid and the nanoparticles are assumed to be in thermal equilibrium and there is no slip between them. The thermo-physical properties of water and the solid particles (at 300 K) are given in table 1. The thermo-physical properties of the nanofluid are assumed to be constant with the exception of its density which varies according to the Boussinesq approximation (Bejan, 2004) . The steady-state continuity, momentum, and energy equations for the buoyancy-driven fluid flow and heat transfer of the nanofluids inside the cavity are given by: 
Fig. 1. Schematic diagram of the cavity and boundary conditions
Where the density, heat capacity, thermal expansion coefficient, and thermal diffusivity of the nanofluid are as follow, respectively (Khanafer et al., 2003 ):
For the model of the dynamic viscosity of the nanofluid, the Brinkman model (1952) 
The effective thermal conductivity of the nanofluid is determined according to Maxwell (1904) .
Using the following dimensionless parameters, the governing equation can be converted to dimensionless form.
The dimensionless forms of the governing equations are
Where the Rayleigh number Ra, and the Prandtl number Pr, are defined as:
The boundary conditions for Eqs. (12)- (15) 
Numerical Procedure
The equations are discretized using the finite volume method. The coupled pressure-velocity equation is solved by SIMPLEC algorithm. The couples set of discretized equations is solved iteratively using the TDMA method (Patankar, 1980) . In order to validate the numerical procedure, two test cases are examined using our code, and the results are compared with the existing numerical results in the literature.
The first test case considered is the buoyancy-driven fluid flow and heat transfer in a differentiallyheated square cavity filled with air. The left and the right side walls of the cavity are maintained at constant temperatures Th and Tc respectively, with Th>Tc, while its top and, bottom walls are insulated. An 80 × 80 uniform grid is used for the numerical calculations. Table 2 shows the average Nusselt number of the hot side wall for different Rayleigh numbers obtained by the present simulation. The results of other investigators for the same problem are also presented in the table 2. As can be observed from this table, very good agreements exist between the Nusselt numbers obtained by the present simulation, and the results of other investigators for the Rayleigh numbers between 10 3 and 10 6 . The second test case is the heat transfer in the annuli of two differentially-heated square ducts filled with the TiO2-water nanofluid. The obtained results are compared with the results of Arefmanesh et al. (2012) for the same problem. Fig. 2 shows the average Nusselt number of the cold portion of the left wall obtained by the present simulation, and the results of Arefmanesh et al. (2012) . As can be observed from Fig. 2 , a very good agreement exists between the two results.
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Results and Discussion
This section presents the results for the streamlines, isotherms, and the average Nusselt number. The results are presented graphically to show the behaviour of the steady natural convection of water-based nanofluids of three nanoparticles types: copper (Cu), aluminium oxide (Al2O3), and titanium oxide (TiO2). The effects of the pertinent parameters, such as: the Rayleigh number, and the volume fraction of the nanoparticles and aspect ratio on the fluid flow and heat transfer inside the cavity, is investigated. All the results presented here are for the Prandtl number of the base fluid equal to 6.8. Fig. 3 shows the isotherms and the streamlines for the Cu-water nanofluid (φ = 0.04) and pure water (φ = 0.0) for different Rayleigh number. For Ra = 10 3 , the heat transfer inside the cavity is mainly through conduction. We find that pure water and Cu-water nanofluid have almost the same behaviour in isothermal and streamline. Isotherms are vertical and parallel to the sidewalls. By increasing the Rayleigh number, the gap becomes a little bit remarkable between pure water and Cu-water nanofluid.
For Ra = 10 5 and 10 6 , the heat transfer is by convection, the streamlines and the isotherms are more packed next to the active walls of the cavity and the block. Isotherms are parallel to the horizontal walls. The recirculation is become most important nearly located adjacent to the hot and cold plates, the isotherms become horizontal, and there are some eddies in flow lines. The variations of the average Nusselt number of the heat source, with respect to the volume fraction of the nanoparticles at the different Rayleigh numbers, are displayed in Fig. 4 . As can be observed from this figure, the heat transfer increases with an increase the of volume fraction of the nanoparticles, and for the entire range of the Rayleigh numbers considered.
For low Rayleigh numbers, at Ra = 10 3 and 10 4 , the heat transfer in the annuli of the two partiallyheated square ducts occurs mainly through conduction. At these Rayleigh number the values of Nusselt number are almost identical, by against this behaviour becomes important at high Rayleigh numbers (Ra = 10 5 and 10 6 ) owing to the dominance of heat transfer by convection. fig. 5a ), the lowest heat transfer was noticed for TiO2. This is due to the dominance of heat by conduction mode owing to its lower thermal conductivity compared to Cu. However the thermal Said Bouchta, M'barek Feddaoui, and Hossine El Ihssini / American Journal of Heat and Mass Transfer (2017) Vol. 4 No. 1 pp. 40-52 49 conductivity of Cu is about forty times that of TiO2 as given in table 1. As the volume fraction of nanoparticles increase, the difference for mean Nusselt number becomes larger and particularly for higher Rayleigh numbers. This can be explained by the fact that at higher Rayleigh numbers, heat transfer by convection mode is dominant and becomes more enhanced at higher value of volume fraction φ. It is also of interest to note that the average Nusselt number for Cu water nanofluid is higher than that of the others studied nanofluids (TiO2 and Al2O3-water).
Variations of the average Nusselt number with the volume fraction of the nanoparticles, for different aspect ratios at different Rayleigh numbers, are shown in Fig. 6 . For all values of Rayleigh numbers, the rate of heat transfer increases with the increase in the volume fraction of the nanoparticles. In addition a ratio report AR = 0.5 gives better Nusselt Number, followed by AR = 0.4. For Rayleigh numbers Ra = 10 3 and 10 4 , it was almost the same values, but for high Rayleigh numbers Ra = 10 6 the gap becomes very important owing to highest rate of convection heat transfer. 
Conclusion
In the present paper the problem of free convection in nanofluid in a square cavity containing a (Cu, Al2O3 or TiO2)-water nanofluid and a partially-heated square block at the centre, was investigated numerically using the finite volume method and SIMPLEC algorithm. A parametric study was undertaken, and effects of the Rayleigh number and the volume fraction of the nanoparticles on the fluid flow, temperature field and rate of heat transfer were investigated.
The presence of nanoparticles increases the average heat transfer. The type of nanofluid is a key factor for heat transfer enhancement. A greater heat transfer rate enhancement is obtained with cooper and silver due to their higher thermal conductivities.
The difference in heat transfer, using different nanofluids, increases with the increase of volume fraction of nanoparticles. 
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